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ABSTRACT A general theory is developed for the equilibrium structure of dense polymer melts. This theory 
is based on an integral equation approach developed by Chandler and co-workers for molecular liquids. We 
are able to construct a tractable formalism for the polymer problem by employing the fact that a polymer 
molecule in a melt is ideal. This leads to a set of integral equations for the intermolecular radial distribution 
functions. In the case of a polymer ring, this set reduces to a single integral equation, which we have solved 
numerically for the case of Gaussian intramolecular statistics with repeat units interacting via hard-core 
repulsions. From this solution we obtained the radial distribution function, structure factor, and compressibility 
as functions of liquid de,nsity and degree of polymerization. Unlike the random phase approximation (RPA) 
approach of de Gennes, the present theory allows for density fluctuations. These density fluctuations, which 
decay on a length scale comparable to a few monomer units, are crucial for the calculation of the structure 
factor and thermodynamic properties such as the equation of state of the polymer fluid. Generalizations of 
the present theory to include linear chains, chain stiffness effects, and attractive interactions are possible. 

Introduction 
In recent years there have been significant advances in 

the understanding of polymer so1utions.l Through the use 
of scaling, renormalization group, and self-consistent field 
techniques, universal predictions can be made relevant to 
length scales on the order of the radius of gyration of the 
polymer. A recurrent theme in the literature is the neglect 
of short-range chemical effects and an emphasis on the 
relatively long wavelength properties of chain molecules. 
In dense polymer liquids, on the other hand, many of the 
interesting questions concern short-range structure and 
correlations for which the appropriate length scale is of 
the order of the polymer segment size. Furthermore, in 
polymer liquids the intermolecular interactions are very 
strong and cannot be treated perturbatively. As a result, 
a detailed, molecular theory of polymer melts has remained 
a virtually intractable problem. In addition, computer 
simulations involving Monte Carlo and molecular dynamia 
calculations have been generally limited to small systems 
and short chains.2 In the present work, we develop a 
microscopic, off-lattice, equilibrium theory for polymer 
melts using statistical mechanical techniques developed 
for small molecules. This theory provides not only a de- 
tailed structural picture of the melt through the inter- 
molecular radial distribution functions but also enables 
the calculation of thermodynamic properties, including the 
equation of state. A brief version of this work has been 
reported el~ewhere.~ 

Recent theoretical progress for the structure of one- 
component polymer liquids has been limited primarily to 
the work of de Gennes who has successfully applied the 
random phase approximation (RPA) to describe the 
scattering from partially labeled me1ts.l~~ In this case, the 
structure factor is determined by concentration fluctua- 
tions which are long range in the labeled system. In the 
unlabeled melt, on the other hand, the RPA theory pre- 
dicts zero scattering since there are no concentration 
fluctuations and density fluctuations are neglected because 
of the assumption of liquid incompressibility. In addition, 
the simple RPA theory is independent of the explicit 
thermodynamic state and the details of the intermolecular 
interactions. The physical basis of these simplifications 
is the expectation that in dense fluids screening effects 
cause the density fluctuations to decay rapidly on a length 
scale of a few monomers. Density fluctuations and 
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short-range order, however, are in general important for 
physical properties and phenomena which are sensitive to 
local correlations. For example, the thermodynamics and 
equation of state of a polymer melt are not amenable to 
the simple RPA treatment. Also, a microscopic under- 
standing of first-order phase transformations such as the 
freezing of polymer liquids and the isotropic-nematic 
liquid-crystalline transition requires a detailed description 
of short-range structural correlations. 

Earlier theories, unrelated to the RPA approach, have 
been developed which describe the thermodynamics and 
equation of state of polymer In these theories 
rather artificial lattice or cell models, which are really more 
appropriate to solids, are generally resorted to. In addition, 
crude random mixing or mean-field approximations are 
invoked. In order to introduce sufficient disorder into the 
model to describe a liquid, the concept of free volume is 
often employed. Although such treatments yield good 
agreement with experimental data on polymer liquids, 
physically ambiguous adjustable parameters often enter 
and the artificiality of such models is of concern. In the 
present approach, we avoid these problems by constructing 
a realistic model of a polymer liquid in three-dimensional, 
continuous space which is analyzed in a statistical me- 
chanical framework which has been successfully employed 
for small molecule fluids. 

The modern theory of small molecule liquids has been 
pioneered by Chandler and co -worke r~ .~~~  This theory is 
frequently referred to as the “reference interaction site 
modeln or RISM theory (not to be confused with the ro- 
tational isomeric state model). This approach is a gen- 
eralization to molecules of the Percus-YevicklO theory of 
atomic fluids. In the’ RISM theory, a molecule is viewed 
as consisting of a collection of spherically symmetric in- 
teraction sites or chemical subunits connected by covalent 
bonds. The total potential energy between two molecules 
is taken to be a sum over all pairs of interaction sites. 
Since the structure of dense nonassociated fluids is dom- 
inated by strong repulsive forces, the interaction between 
chemical subunits can be mimicked to a high degree of 
approximation by hard-core potentials. At liquid densities, 
good qualitative, and sometimes quantitative, agreement 
is found between the radial distribution functions of small 
molecules calculated by the RISM theory and corre- 
sponding computer simulation results?Jl In addition, the 
RISM theory has been successfully applied to interpret 
the structure factors measured experimently by scattering 
techniques.12 In the present investigation, the RISM 
theory is formulated in a fashion which renders the poly- 
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mer melt problem tractable. This generalization is ac- 
complished by making use of the well-established result 
that the conformation of a polymer chain in the melt is 
unperturbed down to nearly monomer length scales. 

Theory 
We begin our theoretical discussion by reviewing the 

RISM theory. The content of this approach is most clearly 
seen by analogy with the theory of simple atomic fluids. 
The quantity of central interest is the radial distribution 
function g ( r )  which is defined by 

N 

i#j 
p2g(r) = ( 6(i i )6(r '  - Z j ) )  (1) 

where r'i is the position of the ith atom in the fluid, N is 
the total number of particles, p is the number density, and 
the brackets denote an equilibrium ensemble average. 
Physically pg(r)  is the density of particles a t  a distance r 
from a given particle. The radial distribution function 
describes the average two-body or pair structure of the 
liquid and can be related to the thermodynamic properties 
of a system interacting via pair potentials.1° Integral 
equation theories for g ( r )  are based on the well-known 
Ornstein-Zernike equationlo which defines the direct 
correlation function C(r ) .  

(2) 

In the above equation, h(r) is called the total correlation 
function and is simply related to g(r) according to h(r) = 
g(r)  - 1. The physical significance of the direct correlation 
function can be seen by iterating eq 2. 

h()r' - 71) = C(lr' - 71) + pfd f"  C(Jr' - r" l )C( l i " -  71) + 

h(r) = C(r)  + p 1 d - l  r C(l? - r'l)h(r? 

p21dP"  $,?'" C(lr' - r"l)C(lr"'- r'"l)C(li"'- 71) + ... 
(3) 

The total correlation h((r' - Zl )  between particles at r' and 
r" consists of simply connected chains of "direct 
correlations" between these reference particles and inter- 
mediate particles. For example, the second term on the 
right-hand side of the above equation represents the con- 
tribution to the correlation of particles a t  r' and ?'due to 
an intermediate particle at 7'. An attractive feature of the 
integral equation approach is its explicit dependence on 
the microscopic intermolecular interactions via the direct 
correlation function. The structure of eq 2 suggests the 
C(r)  can be viewed as an effective pair potential which 
remains finite even for singular interactions. It can be 
showdo that for a system with weak pair interactions u(r), 
or for large interparticle separations, that C(r) = -u(r)/kBT, 
where kB is Boltzmann's constant and Tis  absolute tem- 
perature. These and other considerations suggest that C(r) 
for a dense system will have a spatial range comparable 
to u(r) .  This idea is the basis of the successful Percus- 
Yevick approximation for hard spheres which can be stated 
as 

C(r)  = 0, r > u (4) 

where a is the hard-sphere diameter. Such an approxi- 
mation is equivalent to neglecting a certain class of dia- 
grams in the rigorous Mayer cluster expansion.1° 

Chandler and Anderseng have generalized the Orn- 
stein-Zernike equation to the case of a molecular fluid by 
employing an interaction site model of molecular structure 
described by intramolecular probability distribution 
functions, w&), between sites or chemical subunits a and 
y on the same molecule. The set of functions [ w a 4 r ) ]  
represents the normalized probability that two sites in a 
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molecule are separated by a distance r .  If the intermole- 
cular pair correlations in a liquid are propagated in a se- 
quential manner by "direct" intermolecular and intramo- 
lecular pair correlations, then the generalized site-site 
Ornstein-Zernike matrix integral equations f0110~:~ 
h(r) = 

I d ? '  ]dP"w(lr'- Zl)C(lr"- r"l)[u(r'? + ph(r'?] (5) 

where p is the number density of molecules and h(r), C(r ) ,  
and ~ ( r )  are N X N matrices with matrix elements hay(r), 
C&), and uq(r) for molecules consisting of N sites. Thus, 
h,$) = gmy(r) - 1 where gay(r)  is the intermolecular radial 
distribution function between sites a and y, and C J r )  is 
the corresponding direct correlation function. If the direct 
correlation functions are short range, then the appropriate 
closure relations for the RISM theory can be written by 
analogy with the Percus-Yevick theory, 

h&) = -1, r < g a y  ( 6 4  

CaJd = 0, r > gay  (6b) 

where bay is the distance of closest approach between sites 
a and y on different molecules. As in the case of the 
Percus-Yevick theory, eq 6a is exact for a hard-core po- 
tential, and eq 6b is the fundamental approximation. 
Equation 5 and 6 constitute the RISM equations for mo- 
lecular  fluid^.^ The RISM theory is a nonperturbative 
approach that incorporates the constraints of intramo- 
lecular structure in determining the packing of molecules 
in the liquid state. Its primary utility lies in providing a 
quantitative description of the short-range order and local 
fluctuations in the disordered fluid. For flexible molecules 
it is important to realize that information concerning the 
intramolecular conformations enters eq 5 only in an av- 
erage (not instantaneous) sense via the equilibrium dis- 
tributions w&). Therefore, the effects of polymer con- 
formational fluctuations on the intermolecular pair cor- 
relations are not explicitly taken into account, and in this 
sense the RISM approach is a mean field theory. However, 
it must be emphasized that this feature does not imply that 
intermolecular density fluctuations and local correlations 
are neglected. A generalized version of the RISM approach 
that explicitly includes conformational fluctuations in a 
self-consistent fashion has been recently formulated,'% but 
the complexity of the resultant theory is significantly en- 
hanced. 

In addition, a new reformulation of the RISM equations 
which is fully consistent diagramatically has been recently 
constructed.13b However, the new version is again far more 
complex than the original RISM theory and has not been 
numerically implemented even for small molecules. In- 
deed, considering the crude models of polymer structure 
generally employed, a more sophisticated theoretical ap- 
proach does not seem warranted at  present. 

In principle, eq 5 and 6 could be directly applied to the 
flexible polymer problem. A difficulty arises, however, 
because of an apparent coupling between the intramolec- 
ular distributions w&) and the intermolecular distribu- 
tions haJr). Strictly speaking, these two sets of functions 
should be determined in a self-consistent manner since in 
general the intramolecular structure is a functional of the 
intermolecular correlations and vice versa. Such a program 
has been fully carried out for liquid n-butane for which 
knowledge of a complex four-point correlation function was 
nece~sary.'~ For long polymers, multipoint distribution 
functions of very high order are required in principle. Such 
quantities are very difficult to compute reliably, conse- 
quently the polymer melt problem would seem to be vir- 
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tually intractable. In this paper we circumvent this dif- 
ficulty by invoking the fact that polymer chains are “ideal” 
in the melt. This ideality has been predicted from theo- 
retical arguments,’J5 demonstrated from computer simu- 
lations2 and deduced from neutron scattering experi- 
ment~.’~,” Ideality in the melt implies that the intramo- 
lecular excluded volume, of prime importance in a dilute 
solution with a good solvent, is nearly balanced in the melt 
by intermolecular excluded volume forces. Thus the 
configuration of a chain in the melt can be properly cal- 
culated by theories for a single chain without excluded 
volume interactions. In other words, a polymer chain in 
a melt has a configuration which is characteristic of that 
chain in a 9 solvent. The rotational isomeric state model, 
for example, has been shown to give good results for such 
chains. Introduction of this ideality condition, then, allows 
the way(r) functions in eq 5 to be computed independently 
thereby considerably simplifying the problem. 

It should be mentioned that this ideality assumption is 
not completely exact since the possibility of intramolecular 
chain overlap can occur. This unphysical behavior, how- 
ever, would be minimized by using a model for the intra- 
molecular structure which includes shorbrange constraints, 
such as constant bond angle, rotational barriers, etc., which 
preclude overlap on short length scales. Nevertheless, 
some long-range, intrachain overlap would be expected to 
persist. One can argue, however, that since the ideal chain 
way function is known to be a good approximation, in an 
average sense, the resulting intermolecular correlation 
functions would likewise be accurate. It should be pointed 
out that the ideality approximation (with intrachain 
overlap) leads to good results in related theories, including 
the rotational isomeric state model to describe polymers 
in theta solvents and the de Gennes RPA theory men- 
tioned earlier to describe labeled polymer melts. Finally, 
we have recently developed a scheme for explicitly re- 
moving all intramolecular overlaps which is discussed in 
detail elsewhere.22 

For a linear polymer composed of N identical sites or 
monomers, eq 5 correspond to N(N + 1)/4 independent, 
coupled, nonlinear integral equations since the intermo- 
lecular distribution functions g,(r) depend on the specific 
positions a along one chain anb. y on a neighboring chain. 
In this paper we will consider, for simplicity, the polymer 
ring. Mathematically, this corresponds to the absence of 
end effects. On physical grounds, such a simplification is 
expected to be accurate for long linear chains a t  short 
length scales. On the other hand, both synthetic and bi- 
ological ring polymers are of considerable interest in their 
own right. As a consequence of the symmetry of the ring, 
all the intermolecular correlation functions in eq 5 and 6 
are equivalent. Thus 

h(r) = g(r) - 1 = he#) ( 7 4  

C(r) = Ca&r) (7b) 

which results in an enormous simplification since the 
matrix equations in eq 5 reduce to a single integral 
equation given by 
h(r) = 

S d ? ’  SdP”w(l? - ?j)C(l?’- P’l)[w(r’? + p,h(r’?] (8) 

where w(r) = x a w a y ( r )  and pm = N p  denotes the monom- 
eric density. The closure relations in eq 6 now become 

h(r) = -1, r < u (9a) 
C(r) = 0, r > CT (9b) 

Making use of the convolution theorem, eq 8 can be written 
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in Fourier transform space as 

where the caret symbol denotes Fourier transformation. 
As an initial application of this integral equation ap- 

proach for the polymer ring, consider a model comprised 
of freely jointed hard spheres of diameter u. In the limit 
of complete flexibility, the intramolecular structure in the 
melt obeys Gaussian statistics given byls 

W) = C&,(k) (1la) 
N 

a=’ 

Gay&) = exp[-u2k21a - yl(N - la - y1)/6N] ( l l b )  

Note that the statistical correlation length and the hard- 
core diameter are identical so the present model is com- 
pletely characterized by a single length scale. Equations 
9-11 can now be used to calculate the intermolecular radial 
distribution function for a melt of hard core, Gaussian 
polymer rings.lg 

Computational Procedure 
Lowden and Chandler’2*21 have shown that the solution 

of the RISM equation is equivalent to the following var- 
iational principle: 

where, for a molecule composed of identical sites, the 
functional I R I s M  is given by 

IRISM = pm2SC(r)  d? - 
1 - I d 6  [p,G(k)e(k) + In [l - p,O(k)d(k)]] (12b) 

8r3 
In order to make use of this variational approach, Lowden 
and Chandler took the direct correlation function C(r)  to 
have the form 

where H ( x )  is the step function which is unity for x < 0 
and vanishes for x > 0. Equation 13 with m = 4 is identical 
in form to the exact solution of the Percus-Yevick theory 
for hard spheres.’O Note that the representation for C(r)  
in eq 13 automatically satisfies the second of the closure 
conditions in eq 9b and its Fourier transform can be 
evaluated analytically. With this representation for C(r), 
the variational principle in eq 11 reduces to a set of m 
coupled nonlinear algebraic equations. 

~IRISM 
aai 

-- - 0, i = 1, ..., m 

In accord with previous work on small molecules12J1 and 
the quantum electron problem,*O we take m = 4 which is 
adequate for an accurate numerical solution of the R E M  
equations. 

The nonlinear equations in eq 14 were solved numeri- 
cally by using standard techniques to give the four coef- 
ficients ai. Once having these coefficients, the properties 
of interest can be easily computed. The direct correlation 
function follows immediately from eq 13. The structure 
factor, which is the spatial Fourier transform of the total 
density fluctuation correlation function, is given by 
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Figure 1. Radial distribution function vs. separation (scaled by 
the radius of gyration of a Gaussian ring) for N = 2000 with 
reduced monomer densities of p,$ = 0.6 (solid curve), 0.8 (short 
dash), and 1.0 (long dash). The corresponding contact values, 
g(u+), are 0.095, 0.139, and 0.204, respectively. 

The intermolecular radial distribution function can be 
found by Fourier inversion of h(k) .  

Results and Discussion 
A. Radial Distribution $unction. Results for the 

intermolecular pair correlation function of a 2000-unit ring 
are shown in Figure 1 for several liquid densities. Note 
that the abcissa is scaled by the radius of gyration (RC2 
= Nu2/12) of a Gaussian ring polymer. As required for 
hard-core systems, g(r) jumps discontinuously from zero 
to a finite contact value, g(u+), which is an increasing 
function of density. The equation of state can be deter- 
mined from knowledge of the contact value via the virial 
theorem.2.22 With increasing separation, g(r) monotonically 
approaches its uncorrelated bulk value of unity. The lack 
of specific structural features in g(r) is a result of the simple 
Gaussian model adopted for the intramolecular polymer 
statistics. The “correlation hole” effect,’ however, is clearly 
present in our results and reflects the partial exclusion of 
monomers on different rings from inside a given polymer 
coil due to intermolecular excluded volume interactions 
and intramolecular constraints. As the liquid density in- 
creases, both the short-range order (as indicated by the 
magnitude and slope of g(r) at contact) and the degree of 
interpenetration of polymer coils increase, and hence the 
width of the correlation hole is diminished. 

The dependence of g(r)  on the degree of polymerization 
N is shown in Figure 2 for a fixed density. As N increases, 
the contact value decreases; however, the overall degree 
of interpenetration, i.e., 

increases. The latter trend is a consequence of the fact 
that the compactness of a random coil decreases as the 
inverse of its radius. From Figure 2 it is clear that finite 
size coil effects are more important on longer length scales 
than at  very small interparticle separations. 

B. Structure Factor and Density Fluctuations. In 
Figure 3 we have plotted the results for the structure factor s&), which is the strucpre factor defined in eq 15 minus 
the self term (Sd(k)  = S ( k )  - l), at  two densities for the 
2000 unit ring. In this figure, the solid line on the log-log 
plot is the prediction for a Lorentzian dependence on the 

0 
10  12 0 2 4 6 8 

r /a  

Figure 2. Radial distribution function vs. separation (in units 
of the hard-sphere diameter u) for a reduced monomer density 
of 0.9 and three values of N = 100 (solid curve), 500 (short dash), 
and 2000 (long dash). The corresponding contact values are 0.206, 
0.175, and 0.169, respectively. 
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Figure 3. log-log plot of the inverse of the structure factor &(k) 
minus its k = 0 value as a function of the dimensionless wave 
vector. The solid circles (open squares) are for p,03 = 0.6 (0.9). 
The straight line has a slope of 2. The inset is a linear plot of 
&(k)/&(O) for p,03 = 0.6 (solid curve) and 0.9 (dashed). 
wave vector ka. The latter behavior is appropriate at 
intermediate wave vectors (R;’ < k < u-l) for semidilute 
solutions.’ From the figure it is clear that the ring polymer 
exhibits Lorentzian behavior only over a limited range of 
ko (-0.4-1.0). This behavior is not unexpected and is due 
to a combination of two effects. The first relates to the 
wave vector dependence of the intramolecular structure 
factor O(k) for the polymer ring. It can be seen from Figure 
4 that 0 - 1 2 ( k ~ ) - ~  for ku > 0.4 in the intermediate wave 
vector regime. Note that this asymptotic behavior is ap- 
proached slower, and in a nonmonotonic fashion, for the 
ring than for the corresponding linear polymer. The sec- 
ond effect is reflected in a wave-vector dependence of the 
direct cqrrelation function C(k) .  In Figure 5 we have 
plotted C(k)  as a function of wave vector. Note that for 
ku < 1, the direct correlation function varies by only 15% 
or so and can_ be accuJately approximated by a quadratic 
expansion: C(k)  - C(0) + C”(0)k2/2. Thus from eq 15 
we get Lorentzian behavior over a very limited range 

12 
B(ok)2  - 12p,&(O) 

S ( k )  - 
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Figure 4. Intramolecular structure factor, G = N-’C,,O,,(k), 
ti” the wave vector squared as a function of dimensionless wave 
vector. The solid and short-dashed curves are for 2000- and 
100-unit Gaussian rings, respectively. The dash-dot and long-dash 
curves are for 2000- and 100-unit Gaussian linear chains, re- 
spectively, and correspond to the standard Debye functions. 
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ko 

Figure 5. Fourier transform of the direct correlation function 
normalized by its zero wave vector value for a 2oOO-unit Gaussian 
ring polymer melt at densities of pma3 = 0.6 (solid curve) and 0.9 
(dashed). The k = 0 value of -p,C(k) is 0.288 for pm$ = 0.9 and 
0.077 for pmu3 = 0.6. 

where B = 1 - 6p,a-26’’(0). For ka > 1, e ( k )  decays rapidly 
due to the finite range of the intermolecular interactions 
and the presence of short-range order in the liquid. The 
behavior of the structure factor a t  large wave vectors re- 
flecta the complex contributions of both the intramolecular 
structure factor and the direct correlation function. 

The spatial range of density correlations in a liquid are 
often qualitatively characterized in terms of a screening 
length 5. For a Lorentzian structure factor this arises 
naturally since S(r) - r-l exp(-r/[). For our more complex 
case an analogous length can be defined as the distance 
over which fihe structure f a e r  decays to one-half ita initial 
value, i.e., S(ka=a/[)  = 0.5S(O). This screening length is 
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Figure 6. Screening length in units of the monomer diameter 
a~ a function of inverse degree of polymerization for several liquid 
densities. The solid circles are the theoretical results and the 
straight lines are linear fits to the three highest degree of po- 
lymerization points. 

plotted in Figure 6 as a function of inverse degree of po- 
lymerization for different densities. Its magnitude is of 
the order of one monomer diameter and decreases with 
density as an approximate power law of the form f - p”, 
where the exponent q decreases from - 1.5 for N = 2000 
to -1.2 for N = 100. At  fixed monomer density, the 
screening length increases monotonically (and hence den- 
sity fluctuations decay slower) with the number of repeat 
units. This trend is consistent with the reduction in 
short-range order [Le., g(a+)] as N increases (see Figure 
2). It is also interesting to note that the minimum number 
of repeat units above which f scales in a simple 1/N 
fashion is a decreasing function of density. 

It should be noted that for the case of a freely jointed 
ring studied here, the structure factor for small length 
scales (ka > 1) would not be expected to describe a real 
polymer, since the Gaussian approximation for the ideal 
polymer would not be accurate for large wave vectors be- 
cause of stiffness effects. The theory presented here would 
be pertinent to real polymers for ka > 1, however, if a more 
realistic model for the unperturbed structure were em- 
ployed to calculate &&). 

A thermodynamic measure of the density fluctuations 
in the polymer melt is the isothermal compressibility K T ,  

which can be found from the zero wave vector limit of the 
structure factor. 

9(0) = p m k B ~ K T  (18) 
&O) can be easily obtained from the a, coefficients in eq 
13. From eq 15 we can write 

It can also be shown that in the zero wave vector h i t ,  c(0) 
can be expressed as 

e(0) = ha3X(-l)i-1ui( m T 1 2  - - + -) 1 (19b) 
i = l  z z + 1  z + 2  

Equations 18 and 19 thus provide a conynient way to 
calculate the compressibility. In Figure 7, S(0) is plotted 
over a range of densities as a function of inverse chain 
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Figure 7. Same as Figure 6 except for the zero wave-vector limit 
of the structure factor minus the self correlation: Sd(0) = S(0) 
- 1. 

length. It can be shown that $(O) _has an approximate 
power law dependence on density, S(0) - P,,,-~, where X 
is about 4 and decreases weakly with N. At fxed monomer 
density, the dependence of the compressibility on the 
degree of polymerization is very similar to that found for 
the screening length and for the same qualitative physical 
reasons. Finally, the equation of state can, in principle, 
be determined from a knowledge of the compressibility via 
integration over density.1°J2 

C. Camparison to the RPA Theory. As mentioned 
previously, the RPA theory developed by de Gennesl 
would lead to zero scattering when applied to homogeneous 
polymer melts since density fluctuations are ignored. It 
is therefore devoid of content for describing the structure 
factor of unlabeled, one-component melts. However, the 
incompressibility condition, together with the ideality 
assumption for the intramolecular chain structure, can be 
used to.get a crude estimate of the intermolecular radial 
distribution function g(r) .  For zero scattering we can write 
in Fourier space for the incompressible melt, 

Inversion of the Fourier transform leads to the following 
simple result for the incompressible polymer melt: 

- p , W  = 4 4  (21) 
corresponding to a prediction for the deviation from the 
bulk density around a reference monomer which is inde- 
pendent of liquid density and interparticle forces. 
Equation 21 is plotted in Figure 8 along with the results 
from the present theory for N = 2000 at  densities p,a3 = 
0.6 and 1.0. It can be seen that the incompressibility 
assumption becomes very good on large length scales r > 
2a. This is consistent with the fact that the screening 
length shown in Figure 6 indicates that density fluctuations 
decay om a length scale of a couple of monomers. We can 
also observe in Figure 8 that the incompressibility ap- 
proximation improves with increasing density. This is 
reasonable since the compressibility approaches zero at  
high densities. It should be emphasized that although the 
simple incompressibility result in eq 21 is accurate at large 
length scales, it is of no value in the calculation of ther- 
modynamic properties which are local properties de- 
pending critically on the value of g(r)  near contact. Indeed, 
for more realistic models of polymer structure the radial 
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Figure 8. Negative of the correlated part of the local intermo- 
lecular density, -p,,,h(r), as a function of scaled distance for a 
2000-unit Gaussian ring melt. The open circles (triangles) are 
the RISM theory results for p,$ = 0.6 (1.0). The solid curve is 
the density-independent RPA prediction discussed in the text. 
"he inset is an expanded plot of the short distance behavior. Note 
that the abscissa is in units of u rather than the radius of gyration. 

distribution function displays specific short range struc- 
tural features which have no analogue in the RPA resulLZ2 

Whereas the RPA theory predicts zero scattering for the 
homogeneous melt, it does produce scattering from labeled 
melts due to concentration fluctuations, which agrees well 
with neutron scattering experiments' at relatively small 
wave vectors. The RPA prediction for the structure factor 
of a system of polymer chains labeled at sites CY and y along 
the chain backbone is given in our notation as 

N N c &&k) c a,,(w 
j3=1 T = l  

gay(k)  = - ( 2 2 4  
Q,,W 

,,,=1 

In the case of a ring polymer all sites are equivalent on the 
average, therefore 

N 

j3=1 
C4&) = O(k)  

and thus eq 22a reduces to 
R J k )  = - (O(k) /N)  (22b) 

For simplicity, consider polymer rings in which one mo- 
nomer is labeled on each ring. The RPA structure factor 
then takes the simple form 

(224 

The integral equation theory presented in this paper can 
also be used to calculate the scattering from labeled sys- 
tems. For the labeled ring, we obtain 

&,(k) = t,,(k) + p&k) (234 

which reduces to the following for singly labeled system: 
S,'(k) = 1 + p h ( k )  (23b) 

Figure 9 shows a comparison between the RPA prediction 
and the present theory for the case of a melt of rings (N  
= 500) each labeled at monomer 1. It can be observed from 
this figure that the two theories agree closely. As expected, 
the RPA theory becomes closer to our predictions at higher 
densities (and larger N) since the incompressibility as- 
sumption is more accurate in this limit. It is interesting 
to note that the RPA prediction for the labeled polymer 
ring system in eq 22b is obtained simply by substitution 
of the incompressibility condition in eq 21 into eq 23a. 

&Ak) = 1 - (W)/N) 
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work by us will focus on these questions along with 
equation-of-state predictions, polydispersity effects, self- 
consistent determination of the intramolecular structure, 
and the application of the integral equation theory to 
polymer blends and copolymers. 
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Conclusion 
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